An envelope function is derived which multiplies the pair distribution function (PDF) of an infinite solid to obtain that of a spherical particle with the same crystal structure. Distributions of particle sizes are then considered, and the analytical results are used to predict the distribution from a PDF obtained experimentally. The peak broadening for the associated structure factor, expressed as a convolution function, is calculated exactly for the distribution of particle sizes considered.
Introduction
There currently exists intense scientific interest of the physical and chemical properties of nanoparticles and nanodomains. Generally investigations of particles with diameters of the order of one micron are limited to powders, and from the diffraction data one performs Rietvelt refinement to extrapolate their structure and size, the latter by using the Debye-Scherrer formula [1] . Alternatively one derives the pair distribution function from the diffraction data, thus facilitating the study of size, correlated atomic motion, long-range order, and other phenomena more apparent with a real-space treatment.
A number of techniques have been developed recently to infer the size and structure of particles from the PDF alone. For example, the local structure can be determined by an interpretation of the first peaks of the PDF [2] , and the size can be estimated from a Fourier transform of the DebyeScherrer diffraction pattern [3] . In this manuscript, we take a more formal approach to the determination of particle size by rederiving the pair distribution function of a spherical particle [4] , expressed as an envelope function that multiplies the PDF of an infinite crystal with the same crystal structure. We then consider a general class of distributions of particle sizes, and obtain a distributed envelope function derived from this distribution and the single particle size envelope function. Using an experimental PDF obtained from gold nanoparticles, combined with the distributed envelope function, we are able to accurately predict the size distribution within the sample. Finally, we derive analytically a convolution function to be applied to the structure factor of an infinite crystal that will give that of a distribution of spherical particle sizes.
The formalism we use is identical to Peterson et. al. [5] , and our results can easily be compared to other definitions and nomenclature found in the literature [6] .
We would like to emphasize the similarity between the PDF and structure factor of spherical particles and those from embedded spherical domains. Although our treatment involves particles alone, it should be straighforward to generalize our conclusions to domains embedded within a host matrix, with the stipulation that the individual domains are uncorrelated with each other (i.e. they have random orientations), and uncorrelated with the host matrix (i.e the matrix is a liquid solution). For example, our analysis may be useful in explaining the presence of magnetism in NiMn when there is no signature of L1 0 ordering of the material apparent in the diffraction data [7] .
2 The pair distribution function of a single particle
The microscopic pair density gives a distribution of atomic pair distances r in a sample, weighted by the pair's scattering lengths,
The following method of constructing ρ(r) will be useful in determining its form with respect to particles. For each r, define a spherical shell with this radius. Let the center of the sphere coincide with the position of an atom i, and record as weighted Delta functions every atom j that intersects the spherical shell. Finally, divide the result by its surface area and the total number of atoms N. We calculate ρ(r) for a particle by limiting the position of the center of the sphere to the atoms within the particle itself, whereas the sphere's surface can extend beyond. Note that ρ(r) for a single particle may only be a part of the total microscopic pair density of a solid or solution.
The contribution to ρ(r) of all atomic pairs {ij} within a particle is limited to the range 0 < r ij < 2R, where R is its radius. If the particle is in solution, or we consider an ensemble of identical particles with random orientations embedded within a host lattice, then ρ(r) = ρ 0 for r > 2R, where ρ 0 is the constant atomic number density outside the particle. To simplify the following, let ρ 0 be equal to the number density of the particle, or take ρ 0 = 0 for empty space. The essence of the problem we address is to quantify the population of atomic distances between atoms within the particle and those outside of the particle that also fall within the range 0 < r ij < 2R. That is, ρ(r) will have r-dependent contributions from the microscopic pair density ρ c (r) of an infinite crystal identical to the finite particle's, as well as the uncorrelated outside structure ρ 0 ,
where 0 ≤ f e (r) ≤ 1 and is defined over 0 ≤ r ≤ 2R. f e (r) is the envelope function that we now derive. Consider a point within the particle whose position is given by the vector r ′ , with the center of the particle defining the origin. Orient the point and the particle so that r ′ aligns with the z-axis, as shown in Fig. 1 . A spherical R r' r α Figure 1 : A spherical particle with radius R. An atom a distance r ′ from the center of the particle can have a shell of radius r that is only partially embedded within the particle.
shell of radius r around this point will either be enclosed by the particle if r ′ + r < R, intersect the surface of the particle if R < r ′ + r < 2R, or enclose the particle if r ′ + r > 2R. When R < r ′ + r < 2R, a line from any point on the circle of intersection and the position r ′ will meet the z-axis at an angle α. The fraction of the surface of radius r around this point that is enclosed within the particle is
Using the two right triangles from Fig. 1 , we obtain
We integrate f (r ′ , r, R) over the remaining positions r ′ in the region occupied by the particle, careful to consider when the shell of radius r extends outside the region. Using eq. 4, for r ≤ 2R,
Finally, dividing by the total particle volume gives the envelope function,
where d = 2R is the particle diameter and Θ(x) = 0(1) for negative(positive) x is the Heaviside step function. f e (r, d) and its derivative are continuous for all positive r. The PDF of the particle is given by
where G c (r) = 4πr (ρ c (r) − ρ 0 ) is the PDF of the associated infinite crystal. The fraction of atom pairs residing within a spherical region is obviously not a continuous function of the region's size, considering the discrete nature of a crystal. Therefore, one expects the derivation above to become less accurate for smaller particle sizes. To test this, we measured G(r) from particles with an fcc structure (nearest neighbor distance a 0 ), and compared the peak heights to those obtained via eq. 7. A particle was constructed with n shells of atoms around a central atom, giving it a diameter of d = 2a 0 √ n (some shells contain no atoms). While the difference in the nearest neighbor peak heights between the two was 7% for d = 2 √ 2a 0 , the difference between all peaks rapidly diminished to less than 1% for d = 8a 0 , and became negligible thereafter.
Distributions of particle sizes
The envelope function, f e (r, d), depends on a single particle diameter d. Consider instead a general set of distributions defining an ensemble of particle diameters s, constructed from linear combinations of distributions
each of which is normalized to unity. We derive a distributed envelope function for eq. 8 alone, recognizing that a weighted sum of these distributions (each with unique n and a) yields a weighted sum of individual distributed envelope functions. The average diameter of this distribution is
and its characteristic width is
We require n ≥ 3 to obtain a closed form solution of the resulting envelope function, which is given by
where
p n (r/a) is a polynomial of order n − 2, and the terms in the summation are included only when n ≥ 5. As before, Figure 2 shows the single particle size envelope function f e (r, d) (eq. 6) and the distributed envelope functions f de (r, d n ) for n = 3 and n = 9. The associated distributions are shown in the inset, and the case of n = 100 is included to illustrate the trend of these distributions (the single particle size is a Delta function distribution, and is not shown). The width of the distributions clearly dictates the shape of f de (r, d n ). A broader distribution gives the resulting envelope function a longer tail at large r at the expense of a steeper decay for shorter r. This relationship is a consequence of a universal condition for all particle size distributions with average diameter d,
Comparison with experiment
We now attempt to predict the distribution of sizes of spherical particles from an experimentally obtained PDF. Neutron data were collected for a 2 g batch of capped gold nanoparticles at T = 15 K, as well as for a bulk gold fcc powder reference [8] . From the latter an instrument response function can be determined, which is approximated as a Gaussian envelope function of characteristic width σ −1
Q that multiplies the ideal experimental PDF [9] . The same instrument response can then be assumed to exist for the data from gold nanoparticles. Uncorrelated thermal motions of atoms also give rise to peak broadening of an ideal PDF, through a convolution with a Gaussian whose characteristic width is inversely proportional to the Debye-Waller factor.
Other deviations from an ideal PDF can arise from a number of factors, including a finite Q cutoff of the neutron scattering data [5] as well as correlated motions of atoms that increasingly sharpen the PDF peaks for decreasing r [10] . In the case of the gold nanoparticles considered here, twinning of the fcc structure also occured. It is our intention to compensate for these additional effects in future, but for now we limit our analysis to include only the instrument response and thermal motion, and let the results justify this simplification.
An ideal PDF of an fcc crystal that matches the gold nanoparticle lattice parameter, a = 4.065Å, is convoluted with a Gaussian of characteristic width ∆r = 0.15Å to account for uncorrelated thermal motions. Two operations are then performed on the result, G c (r), and compared with the experimental PDF, G exp (r). First, an envelope function f (r, d) multiplies G c (r). Second, a Gaussian instrument response function h(r), with σ Q = 0.027Å −1 , and an envelope function f (r, d) both multiply G c (r). In both cases d is determined by minimizing the absolute deviation of these functions from the experimental PDF. The deviations, δ G , are respectively given by,
where the lower bound is chosen to ignore spurious oscillations in the experimental PDF and the upper bound is determined from the scattering resolution. L is the difference between these two. The integrations are performed numerically with a lattice spacing of 0.01Å. Table 1 compares four particle size distributions with parameters obtained as best fits from eqs. 14 and 15. Single particle sizes and distributions of particle sizes (eq. 8), with and without an instrument response function are compared. The distribution of particle sizes, with n = 10 and d n = 41.34Å, combined with an instrument response function gives the smallest absolute deviation from the experimental PDF, δ G = 0.391Å −1 . Figure 3 provides an offset comparison between the experimental PDF of the gold nanoparticles and those obtained from the associated distributed envelope functions. The dashed line is f de (r, d n ) with parameters from row 3 of the table, determined without any instrument response (middle of figure) . The dotted line is f de (r, d n ) with parameters from row 4 of the table, determined after accounting for instrument response, and gives the minimum absolute deviation (top of figure) . Both envelope functions are multiplied by a factor of 15 for clarity, and the factor is chosen so that the dashed f de (r, d n ) meets with as many peak maxima as possible from its associated PDF (middle of figure) . As expected, when we include the instrument response function, the dotted f de (r, d n ) does not meet with many peak maxima from its PDF. It is clear, however, that when combined with h(r), it produces a PDF almost identical to that obtained without an instrument response function. The dashed f de (r, d n ) is included (top of figure) to illustrate this. The ultimate test of the predictive power behind the theory of spherical particles developed so far is to compare the particle size distributions given by minimizing eqs. 14 and 15 with those obtained experimentally. Using a JEOL 2010 TEM with point-to-point resolution of 1.9Å, 148 gold nanoparticles were used to construct the distribution shown in Fig. 4 (histogram) . The average diameter from this distribution is d = 35.48Å, and the width is σ d = 13.12Å(see Table 1 ). Also shown in the figure are the theoretical distributions predicted with (solid) and without (dashed) an instrument response function.
Not only is the average particle diameter closely predicted (6.6% without instrument response), but so is the width of the distributions (3.8% with instrument response). The latter is determined partly by the exponent n in eq. 8. Since the experimental particle size distribution is heavily weighted to shorter diameters, better predictions would certainly come from linear combinations of the distributions considered. Although a single distribution has two free parameters that must be fit (d n and n), a combination of k distri- 14, and the dotted (top) is from eq. 15 (both are scaled for clarity).
butions will include weighting parameters and have 3k − 1 free parameters that must be fit.
The structure factor of particles
The structure factor, S(Q, d), can be obtained directly from the PDF by a Sine transform,
Let S c (Q) be the structure factor of the associated infinite crystal. f de (r, d) is an envelope function from any distribution of particle sizes, and is the inverse Cosine transform off de (Q, d), Since G c (r) is the inverse Sine transform of Q (S c (Q) − 1), eq. 16 can be written not only as a Sine transform of a product of two functions, but also as a convolution of their respective transforms,
which can be rewritten
The absolute value of the argument Q − Q ′ can be disregarded if one recognizesf de (Q, d) as an even function of Q. Notice that an asymmetry arises in the peak broadening of the structure factor, particularly for low Q, as the convolution given by eq. 19 is weighted by Q ′ . Figure 5: The convolution functions to be applied to the infinite crystal structure factor QS c (Q), for the single particle size and two distributions of sizes, n = 3 and n = 9.
For a single particle size, the convolution function is
with a half-width at half-maximum of approximately Q = 3.48/d. The convolution function for the distribution of particles defined by eq. 8 can be obtained by noting that each term in eq. 11 has a Cosine transform proportional to
where cos(t) = 1 Figure 5 shows the convolution functions for the single particle size and the two distributions of sizes, n = 3 and n = 9, considered before. For the single particle size, shoulders appear after the primary peak, a feature attributed to the similarity between a periodic envelope function and a triangular wave. When distributions of particle sizes are considered, the shape is always Lorenztian-like, due to the exponential behavior of the associated distributed envelope function.
The corollary to eq. 13 for all particle size distributions is
Conclusion
The predictive power of an analytical form of the PDF of spherical particles has been clearly demonstrated. With care, one could arrive at the same predictions by deconvolving the experimental structure factor data of gold nanoparticles using eq. 19, but the analysis would be difficult. We hope to have conveyed to the reader that certain measurable quantities are easier to obtain in real-space, like particle size distribution. The work presented here has obvious extensions, many of which are currently being worked on. To name a few:
It should be possible to derive an envelope function combined with a convolution function to model structural deformations or loss of coherence at the surfaces of spherical particles, and possibly derive the associated effect on the structure factor.
With more thorough refinement of experimental data, one should be able to better predict the size distribution of particles from a linear combination of terms in eq. 8.
Other distributions of particle sizes should be considered, particularly those that provide closed-form envelope functions and convolution functions. Examples already considered but not treated in this manuscript are the box distribution (P (s) = 1/2w, for d − w ≤ s ≤ d + w) and triangle distribution.
